Multipath estimation using an intelligent optimization algorithm with non-Gaussian noise by Cheng, Lan et al.
Cheng, Lan and Yue, Hong and Xie, Gang and Ren, Mifeng (2017) 
Multipath estimation using an intelligent optimization algorithm with 
non-Gaussian noise. In: The 23rd International Conference on 
Automation and Computing (ICAC'17). IEEE, Piscaaway, N.J.. , 
This version is available at https://strathprints.strath.ac.uk/61746/
Strathprints is  designed  to  allow  users  to  access  the  research  output  of  the  University  of 
Strathclyde. Unless otherwise explicitly stated on the manuscript, Copyright © and Moral Rights 
for the papers on this site are retained by the individual authors and/or other copyright owners. 
Please check the manuscript for details of any other licences that may have been applied. You 
may  not  engage  in  further  distribution  of  the  material  for  any  profitmaking  activities  or  any 
commercial gain. You may freely distribute both the url (https://strathprints.strath.ac.uk/) and the 
content of this paper for research or private study, educational, or not-for-profit purposes without 
prior permission or charge. 
Any correspondence concerning this service should be sent to the Strathprints administrator: 
strathprints@strath.ac.uk
The Strathprints institutional repository (https://strathprints.strath.ac.uk) is a digital archive of University of Strathclyde research 
outputs. It has been developed to disseminate open access research outputs, expose data about those outputs, and enable the 
management and persistent access to Strathclyde's intellectual output.
7KLVZRUNZDVVXSSRUWHGE\1DWXUDO6FLHQFH)RXQGDWLRQRI&KLQD
DQG&KLQD6FKRODUVKLS&RXQFLO
0XOWLSDWK(VWLPDWLRQ8VLQJDQ,QWHOOLJHQW
2SWLPL]DWLRQ$OJRULWKPZLWK1RQ*DXVVLDQQRLVH

/DQ&KHQJ
&ROOHJHRI,QIRUPDWLRQ(QJLQHHULQJ
7DL\XDQ8QLYHUVLW\RI7HFKQRORJ\
-LQ]KRQJ6KDQ[L&KLQD
WDRODQB#FRP
+RQJ<XH*DQJ;LH0L)5HQ
'HSDUWPHQWRI(OHFWURQLFDQG(OHFWULFDO(QJLQHHULQJ
8QLYHUVLW\RI6WUDWKFO\GH
*ODVJRZ8.
KRQJ\XH#VWUDWKDFXN

$EVWUDFW²0XOWLSDWKLVNQRZQWREHRQHRIWKHGRPLQDQW
HUURU VRXUFHV LQ KLJK DFFXUDF\ SRVLWLRQLQJ V\VWHPV DQG
PXOWLSDWK HVWLPDWLRQ LV FUXFLDO IRU PXOWLSDWK PLWLJDWLRQ
0RVW H[LVWLQJ PXOWLSDWK HVWLPDWLRQ DOJRULWKPV XVXDOO\
FRQVLGHU WKH FDVHV RI VLQJOH PXWOLSDWK ZLWK*DXVVLDQ QRLVH
+RZHYHUQRQ*DXVVLDQQRLVHVDQGWZRPXOWLSDWKDUHRIWHQ
HQFRXQWHUHGLQPDQ\SUDFWLFDOHQYLURQPHQWV,QWKLVSDSHU
D QHZ DOJRULWKP LV SURSRVHG WR FRSH ZLWK WKH PXOWLSDWK
HVWLPDWLRQ SUREOHP RI WKH ODWWHU )LUVW WKH PXOWLSDWK
HVWLPDWLRQ SUREOHP LV WUDQVIHUUHG LQWR D FRQVWUDLQHG
RSWLPL]DWLRQ SUREOHP XVLQJ WKH FHQWUDO HUURU HQWURS\
FULWHULRQ&((&DVLWVREMHFWLYHIXQFWLRQ7KHVHFRQGRUGHU
PRPHQW RI WKH HVWLPDWLRQ HUURU DQG WKH SULRU LQIRUPDWLRQ
DUH WDNHQ DV FRQVWUDLQWV WR UHGXFH WKH PHDQ RI WKH
HVWLPDWLRQHUURU7KHQDPRGLILHGİFRQVWUDLQHGUDQNEDVHG
GLIIHUHQWLDOHYROXWLRQİ5'(DOJRULWKPLVH[SORUHGWRVROYH
WKHRSWLPL]DWLRQSUREOHP7KHSURSRVHGDOJRULWKPKDVEHHQ
FRPSDUHG ZLWK WKH SDUWLFOH ILOWHU DOJRULWKP XVLQJ D WZR
PXOWLSDWK FDVH VWXG\ H[DPSOH ZLWK QRQ*DXVVLDQ QRLVHV
7KH UHVXOWV VXJJHVW WKH SURSRVHG DOJRULWKP KDV LPSURYHG
WKHPXOWLSDWKHVWLPDWLRQDFFXUDF\
.H\ZRUGVPXOWLSDWK HVWLPDWLRQ RSWLPL]DWLRQ FHQWUDO
HUURUHQWURS\FULWHULRQQRQ*DXVVLDQQRLVH
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0XOWLSDWK WKH UHSOLFD RI GLUHFW VLJQDO FDXVHG E\ WKH
UHIOHFWLRQRIEXLOGLQJVKLOOVDQGRWKHUREVWDFOHVLVRQHRI
WKHGRPLQDQWHUURUVRXUFHVIRUKLJKDFFXUDF\SRVLWLRQLQJ
V\VWHPVGXHWRWKHLUUHOHYDQF\EHWZHHQGLIIHUHQWLQVWDQWV
DQG WKH RFFXUUHQFH XQFHUWDLQW\ DORQJ WKH REVHUYDWLRQ
SHULRG0DQ\PXOWLSDWKHVWLPDWLRQDOJRULWKPVKDYHEHHQ
VWXGLHG WR HOLPLQDWH WKH SRVLWLRQLQJ HUURU FDXVHG E\
PXOWLSDWK ([WHQGHG .DOPDQ ILOWHU (.) LV D XVHIXO
DOJRULWKPIRUPXOWLSDWKHVWLPDWLRQLQ*DXVVLDQQRLVHV>@
+RZHYHU LW FDQQRW EH HIIHFWLYHO\ XVHG WR FRSH ZLWK
PXOWLSDWK HVWLPDWLRQ SUREOHP ZLWKQRQ*DXVVLDQQRLVHV
$OWHUQDWLYHO\ SDUWLFOH ILOWHU 3) DOJRULWKP KDV EHHQ
DSSOLHG IRU PXOWLSDWK HVWLPDWLRQ LQ QRQ*DXVVLDQ QRLVH
HQYLURQPHQW >@ 3) PHWKRGV XVH WKH VHTXHQWLDO
LPSRUWDQFH VDPSOLQJ WR FKDUDFWHUL]H WKH SRVWHULRU
SUREDELOLW\ GHQVLW\ IXQFWLRQ 3') RI PXOWLSDWK
SDUDPHWHUV,WLQYROYHVWKHDSSUR[LPDWLRQRIWKHSRVWHULRU
3') E\ D VHW RI UDQGRP VDPSOHV WDNHQ IURP DQ
LPSRUWDQFHGHQVLW\IXQFWLRQ7KHVHOHFWLRQRIWKHGHQVLW\
IXQFWLRQLVFULWLFDO IRU3)¶VSHUIRUPDQFHDQG WKHRSWLPDO
RQHLVXVXDOO\KDUGWRILQGLQPRVWFDVHV)XUWKHUPRUHWKH
SUREOHP RI SDUWLFOH GHJHQHUDF\ DOVR DIIHFWV WKH 3)¶V
DSSOLFDWLRQ LQPXOWLSDWK HVWLPDWLRQ %HVLGHV RQO\ VLQJOH
PXOWLSDWKLVFRQVLGHUHGLQSUHYLRXVZRUNV>@DOWKRXJK
WZRPXOWLSDWKFDVHLVDOVRDW\SLFDOVFHQDULRLQSUDFWLFH
,Q WKLV SDSHU WZRPXOWLSDWK FDVH LV WDNHQ LQWR
FRQVLGHUDWLRQ DVD FRPSOHPHQWDU\ WR SUHYLRXV ZRUN >@
7KH PXOWLSDWK HVWLPDWLRQ SUREOHP LV IRUPXODWHG DV DQ
RSWLPL]DWLRQ SUREOHP XWLOL]LQJ WKH FHQWUDO HUURU HQWURS\
FULWHULRQ&((&LQVWHDGRIWKHPHDQVTXDUHHUURU06(
DV WKHREMHFWLYH IXQFWLRQWRPLQLPL]HWKHUDQGRPQHVVRI
WKH HVWLPDWLRQ HUURU 2QH OLPLWDWLRQ RI WKH RSWLPL]DWLRQ
VWUDWHJ\ LQ >@ LV WKDW LW LV VHQVLWLYH WR WKH LQLWLDO VWDWH
YDOXH DQG WKH LQLWLDO ILOWHU JDLQ ,Q YLHZ RI WKLV DQ
DOWHUQDWLYHRSWLPL]DWLRQPHWKRGLVSURSRVHGLQWKLVZRUN
0HDQZKLOH WKH VHFRQGRUGHU PRPHQW RI WKH HVWLPDWLRQ
HUURU DQG WKH SULRU LQIRUPDWLRQ RI PXOWLSDWK SDUDPHWHUV
DUH FRQVLGHUHG DV WKH FRQVWUDLQWV WR UHGXFH WKH PHDQ RI
HVWLPDWLRQ HUURU 7KHQ D İFRQVWUDLQHG UDQNEDVHG
GLIIHUHQWLDO HYROXWLRQ İ5'( DOJRULWKP LV PRGLILHG WR
VROYHWKHRSWLPL]DWLRQSUREOHP
7KHUHPDLQLQJRIWKLVSDSHULVRUJDQL]HGDVIROORZV,Q
VHFWLRQ ,, WKH PXOWLSDWK VLJQDO PRGHO DQG WKH V\VWHP
PRGHO DUH GHVFULEHG 7KH RSWLPL]DWLRQ SUREOHP RI WZR
PXOWLSDWK HVWLPDWLRQ LV IRUPXODWHG LQ VHFWLRQ ,,, 7KH
PXOWLSDWKHVWLPDWLRQDOJRULWKPEDVHGRQDPRGLILHGİ5'(
DOJRULWKP LV SURSRVHG WR VROYH WKH DIRUHPHQWLRQHG
RSWLPL]DWLRQ SUREOHP LQ 6HFWLRQ ,9 6RPH VLPXODWLRQ
VWXGLHV DUH SUHVHQWHG WR VKRZ WKH HIIHFWLYHQHVV RI WKH
SURSRVHG DOJRULWKP IRU WZRPXOWLSDWK HVWLPDWLRQ ZLWK
QRQ*DXVVLDQ QRLVHV LQ VHFWLRQ 9 &RQFOXVLRQV DQG WKH
IXWXUHZRUNDUHGLVFXVVHGLQ6HFWLRQ9,
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$ 6LJQDO'HVFULSWLRQ
,Q WKH SUHVHQFH RI PXOWLSDWK WKH UHFHLYHG VLJQDO IRU
*166FDQEHPRGHOHGDVDQ 0  SDWKPRGHOFRPSRVHG
RI D GLUHFW SDWK VLJQDO  GU W  DQG 0 UHIOHFWHG VLJQDOV
 PU W  SOXV QRLVH 7KHQ WKH FRUUHVSRQGLQJ EDVHEDQG
VLJQDOLQLQSKDVHFKDQQHODWWLPHLFDQEHPRGHOHGDV
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ZKHUH  F  GHQRWHV WKH &$ FRGH RI *166 VLJQDO ZLWK
WKH YDOXH  F    RU  Į LV WKH DPSOLWXGH RI WKH GLUHFW
VLJQDOĮPLVWKHDPSOLWXGHRIWKHPWKPXOWLSDWKOLVWKH
WLPH GHOD\ RI WKH GLUHFW VLJQDO OP LV WKH PWK PXOWLSDWK
WLPH GHOD\ UHODWLYH WR WKH GLUHFW VLJQDO ș LV WKH GLUHFW
3URFHHGLQJVRI WKHUG ,QWHUQDWLRQDO&RQIHUHQFHRQ
$XWRPDWLRQ	&RPSXWLQJ8QLYHUVLW\RI+XGGHUVILHOG
+XGGHUVILHOG8.6HSWHPEHU

VLJQDOSKDVHșPLVWKHPWKPXOWLSDWKSKDVHGHOD\UHODWLYH
WR WKH GLUHFW VLJQDO DQG  Q L LV WKH QRLVH DW WLPH L ,W LV
VXSSRVHG WKDW WKH UHFHLYHG VLJQDO FDQ EH GHWHUPLQHG E\
WKH VLJQDOSDUDPHWHUV LH WKH DPSOLWXGH WKH WLPH GHOD\
DQGWKHSKDVHGHOD\
,Q WKHRU\ WKHUH FDQ EH DQ LQILQLWH QXPEHU RI
PXOWLSDWK VLJQDOV SUHVHQW DW DQ\ JLYHQ WLPH ,Q SUDFWLFH
KRZHYHU WKHUH LV UDUHO\ PRUH WKDQ RQH RU WZR GRPLQDWH
PXOWLSDWK VLJQDOV SUHVHQW DW DQ\ WLPH >@ ,Q WKLV ZRUN
WZRPXOWLSDWKFDVHLVFRQVLGHUHGLQWKLVSDSHULH0 
% 6\VWHP0RGHO
7KHVWUXFWXUHRIVLJQDOWUDFNLQJLQ*166LVVKRZQLQ
)LJ7KHFRUUHODWRURXWSXWYHFWRU 7    6N N N N\ \ \ ª º¬ ¼\ " 
FDQ EH REWDLQHG E\ FRUUHODWLQJ WKH UHFHLYHG VLJQDO  U L 
ZLWK WKH ORFDO &$ FRGH
YHFWRU       7   Ö Ö Ö  N N N 6L O F L O G F L O Gª º    ¬ ¼F  G " 
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Ö
NO LVWKHORFDOHVWLPDWLRQRI NO ZKLFKFDQEHREWDLQHG
IURP WKH FDSWXUH VWDJH +HUH > @7    6G G G G "  VG 
  V 6 "  LV WKHFRUUHODWRU VSDFLQJEHWZHHQ WKHVWK
FRGH DQG WKH SXQFWXDO FRGH DQG 6 LV WKH FRUUHODWRU
QXPEHU VG ! FRUUHVSRQGV WR WKH HDUO\ FRGH VG  
FRUUHVSRQGV WR WKH ODWH FRGH DQG VG  UHIHUV WR WKH
SXQFWXDOFRGH
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DV WKH PXOWLSDWK SDUDPHWHUV YHFWRU  N[ FDQ EH HVWLPDWHG
DFFRUGLQJWR N\ LIHQRXJKFRUUHODWRURXWSXWVDUHDYDLODEOH
7KHQWKHPXOWLSDWKSDUWFDQEHUHVWUXFWXUHGDFFRUGLQJWR
N[ DQGWKHGLUHFW VLJQDOFDQEHREWDLQHGE\VXEWUDFWLQJ
WKHPXOWLSDWKSDUWIURPWKHUHFHLYHGVLJQDO$IWHUIXUWKHU
SURFHVVLQJ WKH HVWLPDWHG WLPH GHOD\  Ö NO   FDQ EH
FDOFXODWHGVRDVWRWXQHWKHORFDOFRGHJHQHUDWRUWRPDNH
VXUHWKHSXQFWXDOFRGHV\QFKURQL]HVWKHUHFHLYHGVLJQDO

)LJXUH6WUXFWXUHRIVLJQDOWUDFNLQJ
7KHRXWSXWRIWKHVWKFRUUHODWRULQ)LJLV
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ZKHUH  ÖN N NO OJ     ON  DQG OPN DUH WKH GLUHFW VLJQDO
WLPH GHOD\ DQG WKH PWKPXOWLSDWK WLPH GHOD\ UHODWLYH WR
WKHGLUHFWVLJQDODWWKHNWKFRUUHODWLRQUHVSHFWLYHO\. LV
WKHVDPSOHQXPEHU LQRQHREVHUYDWLRQSHULRG S*7  S7 LV
WKH SHULRG RI &$ FRGH * LV DQ LQWHJHU QN GHQRWHV WKH
FRUUHODWLRQ QRLVH *  LV XVHG LQ WKLV SDSHU ZKLFK
LQGLFDWHV WKDW WKH REVHUYDWLRQ LQWHUYDO EHWZHHQ NWK
FRUUHODWLRQ DQG  N  WK FRUUHODWLRQ LV  PV IRU *36
&$ FRGH N$ DQG P N$  DUH WKH FRPSRVLWH DPSOLWXGHV
RI WKH GLUHFW VLJQDO DQG WKH PXOWLSDWK DW WKH NWK
FRUUHODWLRQ UHVSHFWLYHO\ DQG    FRVN N N$ D T 
    FRVP N P N N P N$ D T T   )RU VLPSOLFLW\ N LV XVHG WR
UHSUHVHQWWKHNWKFRUUHODWLRQKHUHDIWHU  5 H LVWKHLGHDO
DXWRFRUUHODWLRQIXQFWLRQ
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)URP  LW FDQ EH VHHQ WKDW WKH SDUDPHWHUV WR EH
HVWLPDWHGDWWLPHNDUHJURXSHGWR
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DQG LV RQO\ UHODWHG WR SUHYLRXV VWDWH N[  7KHQ WKH
V\VWHPPRGHOFDQEH IRUPXODWHGDVD ILUVWRUGHU0DUNRY
SURFHVV>@
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ZKHUH 'N u[  GHQRWHV WKH VWDWH YHFWRUV ' 0
 $ LV WKH V\VWHP PDWUL[ GHSHQGLQJ RQ WKH VWDWH YHFWRU
N[  ZN LV WKH V\VWHP QRLVH DVVXPHG WR EH *DXVVLDQ
GLVWULEXWHGZLWKWKH]HURPHDQDQGWKHFRYDULDQFHPDWUL[
4 N\ LV WKH REVHUYLQJ YHFWRU ZLWK
7    6N N N N\ \ \ ª º¬ ¼\ " DQG VN\ LV REWDLQHG DFFRUGLQJ WR
  % LV WKH PHDVXUHPHQW PDWUL[ GHSHQGLQJ RQ N[ 
NY LVWKHPHDVXUHPHQWQRLVHZLWKWKH]HURPHDQDQGLWLV
VXSSRVHGWREHQRQ*DXVVLDQGLVWULEXWHG
7KH PDLQ SXUSRVH RI WKLV SDSHU LV WR UHFXUVLYHO\
HVWLPDWH N[ EDVHG RQ WKH REVHUYLQJ YHFWRU N\  7KH
VWDWLVWLFVRIVWDWHHVWLPDWLRQHUURU ÖN N N H \ \ DUHXVHGWR
GHVFULEH WKH HVWLPDWLRQ SHUIRUPDQFH ZKHUH NH LV WKHLQSXW WR SHUIRUPDQFH LQGH[ IXQFWLRQ DQG  ÖÖN N % [\  ÖN[ 
LVWKHILOWHUUHVXOWRI N[ 
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,Q WKLV VHFWLRQ WKH PXOWLSDWK HVWLPDWLRQ SUREOHP LV
WUDQVIHUUHGLQWRDFRQVWUDLQHGRSWLPL]DWLRQSUREOHP
$ 2EMHFWLYH)XQFWLRQ'HVLJQ
6LQFHWKHFRQFHSWRIHQWURS\LVSURSRVHGE\6KDQQRQ
>@ WKHUH DUH PDQ\ NLQGV RI HQWURS\ DUH SURSRVHG IRU
GLIIHUHQW SXUSRVHV $PRQJ WKHVH FULWHULD &((& LV
SURSRVHG DV D FRPSURPLVH EHWZHHQ WKH PLQLPXP HUURU
HQWURS\FULWHULRQ0((&DQGWKHPD[LPXPFRUUHQWURS\
FULWHULRQ 0&& WR RYHUFRPH WKH SUREOHP RI 0((&
EHLQJ VKLIWLQYDULDQW DQG 0&& EHLQJ D ORFDO PHDVXUH
7KHREMHFWLYHIXQFWLRQRI&((&FDQEHIRUPXODWHGDV
 &((& 0&& 0((&N N N- - -O O   
ZKHUH -0&&N LV WKH REMHFWLYH IXQFWLRQ RI 0&& DQG
-0((&N LV WKH REMHFWLYH IXQFWLRQ RI 0((& Ȝ LV D
ZHLJKWLQJFRQVWDQWUDQJLQJIURPWR,WLVREYLRXVWKDW
WKH&((&LVVLPSOLILHGLQWR0((&ZKHQȜ DQG0&&
ZKHQȜ 
1RZ ZH ZLOO SUHYLHZ VRPH EDVLF NQRZOHGJH RI
0((& DQG 0&& 0((& HVWLPDWLRQ DLPV WR PLQLPL]H
WKHHQWURS\RI WKHHVWLPDWLRQHUURUDQGKHQFHGHFUHDVHV
WKH XQFHUWDLQW\ LQ HVWLPDWLRQ HUURU7KH 5HQ\L¶V HQWURS\
LV DGRSWHG EHFDXVH RI LWV HDV\ FDOFXODWLRQ $VVXPH D
UDQGRP YDULDEOH H ZLWK 3') IH WKH VHFRQGRUGHU
5HQ\L¶VHQWURS\LVGHILQHGE\>@
    ORJ+ I G  ³H H H 
7KHNHUQHOGHQVLW\HVWLPDWLRQ.'(LVXVHGDVDGDWD
GULYHQ PHWKRG LQ WKLV SDSHU *LYHQ D VHW RI LLG
GDWD^ ` 1L L H GUDZQ IURP WKH GLVWULEXWLRQ WKH .'( RI WKH
3')LV
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Ö 1 L
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I *1   ¦ ȈH H H 
ZKHUH 1 LV WKH QXPEHU RI VDPSOH Ȉ LV WKH NHUQHO
SDUDPHWHU   L* Ȉ H H LV D PXOWLGLPHQVLRQ *DXVVLDQ
IXQFWLRQZLWKWKHIRUPDVIROORZV
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,QWKLVSDSHUȈ LVDVVXPHG WREHDGLDJRQDOPDWUL[ZLWK
WKHVWKGLDJRQDOHOHPHQWEHLQJWKHYDULDQFH VG IRUHVLQ
H7KHNHUQHOSDUDPHWHULVDIUHHSDUDPHWHUWKDWPXVWEH
FKRVHQE\WKHXVHU
7KHUHIRUHXVLQJ.'(WKH5HQ\L¶VTXDGUDWLFHQWURS\
FDQEHIRUPXODWHGDVIROORZLQJ>@
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§ · ¨ ¸© ¹¦¦ ȈH H H  
9HLVFDOOHGWKHLQIRUPDWLRQSRWHQWLDO,3RIYDULDEOHH
DQG   Ȉ Ȉ  7KXV PLQLPL]LQJ WKH 5HQ\L¶V HQWURS\
+H LV HTXLYDOHQW WR PD[LPL]LQJ WKH ,3 9H RZLQJ WR
WKHPRQRWRQLFLQFUHDVLQJSURSHUW\RIWKHORJāIXQFWLRQ
,Q RUGHU WR UHGXFH WKH FDOFXODWLRQ FRPSOH[LW\ WKH
LQVWDQWDQHRXV LQIRUPDWLRQSRWHQWLDO9NHLQVWHDGRI9H
LVXVHGDVWKHREMHFWLYHIXQFWLRQLH

   
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§ · ¨ ¸© ¹¦ ȈH H H 

*LYHQ    6H H H" DUH LQGHSHQGHQW RI HDFK RWKHU
WRJHWKHU ZLWK WKH FKDUDFWHULVWLFV RI WKHPXOWLGLPHQVLRQDO
*DXVVLDQ 3') ZH FDQ REWDLQ 9NH E\ DSSO\LQJ WKH
3DU]HQ ZLQGRZ WHFKQLTXH WR WKH REMHFWLYH IXQFWLRQ RI
0((&

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ZKHUH : LV WKH OHQJWK RI WKH 3DU]HQ ZLQGRZ
        H[S H HGN S G G < LV D *DXVVLDQ NHUQHO
IXQFWLRQ7KXV-0((&NQHHGVWREHPD[LPL]HGLQRUGHUWR
PLQLPL]HWKHUDQGRPQHVVRIHVWLPDWLRQHUURU
+RZHYHU WKH 0(( FULWHULRQ LV VKLIWLQYDULDQW
7KHUHIRUH WKH 0&& LV LQWHJUDWHG LQWR 0((& WR
RYHUFRPH WKLV VKRUWFRPLQJ :LWK *DXVVLDQ NHUQHO
FRUUHQWURS\LVDORFDOL]HGVLPLODULW\PHDVXUHEHWZHHQWZR
UDQGRP YDULDEOHV &RUUHQWURS\ LV D UREXVW DGDSWDWLRQ
FULWHULRQLQSUHVHQFHRIQRQ*DXVVLDQLPSXOVLYHQRLVH>@
)RU0&&WKHREMHFWLYHLVWRPD[LPL]HWKHIROORZLQJ
LQGH[
 0&&N N- ( *ª º ¬ ¼Ȉ H 
Ȉ LV WKH NHUQHO SDUDPHWHU RI -0&&N ,Q SUDFWLFDO
DSSOLFDWLRQV RQH RIWHQ XVHV WKH IROORZLQJ HPSLULFDO
FRUUHQWURS\LQVWHDG
 0&&
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N N
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 ¦ Ȉ H 
-0&&N LQLVXVHGDVWKHREMHFWLYH IXQFWLRQIRU0&&
7KH OLPLWDWLRQ RI 0&& OLHV WKDW LW LV D ORFDO FULWHULRQ
EHFDXVH LW RQO\ FDUHV DERXW WKH ORFDO SDUW RI HUURU 3')
IDOOLQJZLWKLQWKHNHUQHOEDQGZLGWK7KXVWKHNHUQHOVL]H
KDVWREHFKRVHQFDUHIXOO\
7KHQ WKH REMHFWLYH IXQFWLRQ XQGHU &((& LV
IRUPXODWHGDV
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7KH PD[LPXP SUREOHP FDQ EH WUDQVIRUPHG LQWR D
PLQLPXPRSWLPL]DWLRQSUREOHPE\WKHIROORZLQJIRUPXOD
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,Q WKLV ZD\ WKH REMHFWLYH IXQFWLRQ LV FRQVWUXFWHG E\

% &RQVWUDLQHG&RQGLWLRQV
,Q RUGHU WR UHPRYH WKH PHDQ HUURU RI WKH HVWLPDWLRQ
UHVXOW WKH VHFRQGRUGHU PRPHQW RI HVWLPDWLRQ HUURU LV
H[SHFWHGWREH]HURLH
  7 (  H H 
DQG LW LV FDOFXODWHG E\ WKH IROORZLQJ VWDWLVWLFDO
LQIRUPDWLRQ
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ZKHUH  (  PHDQVDQH[SHFWDWLRQRSHUDWRU
7R VROYH WKH RSWLPL]DWLRQ SUREOHP ZLWK HTXDOLW\
FRQVWUDLQW  D FRPPRQ VWUDWHJ\ LV WR FRQYHUW WKH
HTXDOLW\FRQVWUDLQWLQWRDQLQHTXDOLW\FRQVWUDLQWE\VHWWLQJ
DYHU\VPDOOWKUHVKROG7KXVFDQEHWUDQVIRUPHGLQWR
DQLQHTXDOLW\FRQVWUDLQW
  7
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WKUHVKROG:    ¦ H H 
ZKHUH WKUHVKROG LV D VPDOO SRVLWLYH QXPEHU VXFK DV
WKUHVKROG  
0HDQZKLOHDFFRUGLQJWRWKHSK\VLFDOFKDUDFWHULVWLFRI
PXOWLSDWK WKDW WKH PXOWLSDWK VLJQDO LV QRUPDOO\ ZHDNHU
WKDQWKHGLUHFWVLJQDOVLQFHVRPHVLJQDOSRZHULVORVWGXH
WR UHIOHFWLRQ ZKLFK PHDQV WKH PXOWLSDWK DPSOLWXGH LV
VPDOOHUWKDQWKHGLUHFWVLJQDODPSOLWXGHLH
 P N ND D 
ZLWKP «0
:LWKRXWWKHORVVRIJHQHUDOLW\WKHDVVXPSWLRQWKDWWKH
ILUVWPXOWLSDWKKDVWKHVPDOOHVWUHODWLYHWLPHGHOD\DQGWKH
VHFRQGPXOWLSDWKKDVDORQJHUWLPHGHOD\FRPSDUHGZLWK
WKHILUVWRQHDQGVRRQLVWDNHQ$FFRUGLQJO\
 P N P NOO  
ZLWK P 0 d 
& %RXQGDU\&RQGLWLRQV
7KH ERXQGDU\ FRQGLWLRQV DUH JLYHQ DFFRUGLQJ WR WKH
SK\VLFDOFKDUDFWHULVWLFVRIPXOWLSDWK1RUPDOL]HWKHGLUHFW
VLJQDO DPSOLWXGH DQG WKH PXOWLSDWK DPSOLWXGH WKHQ Į N
DQG ĮP NZLOO EH OHVV WKDQ RU HTXDO WR  7KH HVWLPDWLRQ
HUURU LQ DFTXLVLWLRQ SURFHVV LV XVXDOO\ OHVV WKDQ 7F
VR F F N7 7J d d  7KH PXOWLSDWK VLJQDO DUULYHV DIWHU
WKHGLUHFWVLJQDOIRUWKHUHDVRQWKDWLWPXVWWUDYHODORQJHU
GLVWDQFHRYHUWKHSURSDJDWLRQSDWKVRWKHPXOWLSDWKWLPH
GHOD\LVORQJHUWKDQWKHGLUHFWVLJQDOWLPHGHOD\LHOP
7KH VKRUW PXOWLSDWK ZLWK WLPH GHOD\ OP7F LV RQO\
FRQVLGHUHGVLQFHWKHPXOWLSDWKZLWKORQJHUWLPHGHOD\FDQ
EH LJQRUHG GXH WR WKH DXWRFRUUHODWLRQ SURSHUWLHV RI &$
FRGH $FFRUGLQJO\ WKH ERXQGDU\ FRQVLGHUDWLRQ FDQ EH
JLYHQDV
 ND d 
 P NDd d 
 NF F7 7J d d 
 P N F7Od  
7KXV IDU WKH PXOWLSDWK HVWLPDWLRQ SUREOHP KDV EHHQ
FRQYHUWHG LQWR D FRQVWUDLQHG RSWLPL]DWLRQ SUREOHP ZLWK
WKHREMHFWLYHIXQFWLRQWKHFRQVWUDLQHGFRQGLWLRQV
DQG DQGWKHERXQGDU\FRQGLWLRQV  ,Q
WKLVRSWLPL]DWLRQSUREOHPWKHGLPHQVLRQRIWKHHVWLPDWLRQ
SDUDPHWHUVLV0WKHQXPEHURIHTXDOLW\FRQVWUDLQWLV
RQHWKHQXPEHURIQRQHTXDOLW\FRQVWUDLQWVLV0
,9 08/7,3$7+(67,0$7,21%$6('2102',),('
İ5'($/*25,7+0
,QWKLVSDSHUDPRGLILHGİ5'(DOJRULWKPLVH[SORUHG
WR ILQG WKH RSWLPDO VROXWLRQ RI WKH FRQVWUXFWHG
RSWLPL]DWLRQSUREOHPIRU LWVJOREDO VHDUFKDELOLW\İ5'(
DOJRULWKPZKLFKLVHVSHFLDOO\VXLWDEOHIRUWKHFRQVWUDLQHG
RSWLPL]DWLRQ SUREOHP ZLWK HTXDOLW\ FRQVWUDLQHG
FRQGLWLRQVLVSURSRVHGE\7DNDKDPD76DNDL6>@
,Q İFRQVWUDLQHG PHWKRGV WKH FRQVWUDLQW YLRODWLRQ
 M [ FDQEHJLYHQE\WKHIROORZLQJIRUPXODV>@
^ `  PD[      TTL M
L M
J KM  ¦ ¦[ [ [ 
ZKHUHTLVDSRVLWLYHLQWHJHUT LVFKRVHQLQWKLVSDSHU
< PHDQV WKH DEVROXWH RSHUDWLRQ < GHQRWHV WKH QRUP
RSHUDWLRQ 7KH PDLQ LGHD RI İFRQVWUDLQHG PHWKRG LV WR
VRUW WKH LQGLYLGXDOV EDVHG RQ D İOHYHO FRPSDULVRQ
VWUDWHJ\7KHİOHYHOFRPSDULVRQGHILQHVDUDQN5EIRUD
JLYHQLQGLYLGXDOE\FRPSDULQJWKHSDLUI[  M [ RIWKH
JLYHQLQGLYLGXDODQGWKDWRIRWKHULQGLYLGXDOV7KHUDQNRI
DQLQGLYLGXDO LVXVHGWRFDOFXODWH LWVFRUUHVSRQGLQJVFDOH
IDFWRU)SDQGFURVVRYHUUDWH&5SIRUGLIIHUHQWLDOLQGLYLGXDO
7KHGHWDLOVRI)SDQG&SFDQEHIRXQGLQ>@
7KH IORZFKDUW RI WKH SURSRVHG DOJRULWKP LV JLYHQ LQ
)LJDQGWKHIORZFKDUWRIWKHPRGLILHGİ5'(DOJRULWKPLV
VKRZQLQ)LJ,Q)LJLWLVQRWHGWKDWWKHEHVWLQGLYLGXDO
LVFKRVHQDVWKHHVWLPDWLRQUHVXOWV ÖN[ DWHDFKLWHUDWLRQ
)LJXUH7KHIORZFKDUWRISURSRVHGDOJRULWKP
7KH UHDVRQ RI PRGLILFDWLRQ WR İ5'( DOJRULWKP OLHV
WKDW WKH RULJLQDO DOJRULWKP LV QRW GHVLJQHG IRU LWHUDWLRQ
HVWLPDWLRQ DQG LW LV RQO\ XVHG WR VHDUFK IRU DQ RSWLPDO
VROXWLRQ WR D JLYHQ IXQFWLRQ 7KHUHIRUH ZH PDNH D
FKDQJH WR WKHİOHYHOXSGDWLQJVWUDWHJ\ WRJXDUDQWHH LW LV
VXLWDEOH IRU LWHUDWLYH HVWLPDWLRQ ZKLFK FDQ EH H[SUHVVHG
DV
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 FRQFRQ
FRQ
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ZLWKİ LV WKH VXP RI WKH FRQVWUDLQW YLRODWLRQ GHJUHH RI
WKHWRSDWKLQGLYLGXDODQGD 1SLVFKRVHQLQWKLVSDSHU
7FRQDQGFSDUHFRQVWDQWV
)RU  LQ WKH LQLWLDO LWHUDWLRQ VWDJH D ODUJHU
FRQVWUDLQW YLRODWLRQ LV DOORZHG 7KH LQGLYLGXDOV DIWHU
HYROXWLRQ ZLOO DSSURDFK WKH JOREDO RSWLPXP EXW QRW
FRQYHUJHH[DFWO\WRRQHSRLQW

)LJXUH7KHIORZFKDUWRIWKHPRGLILHGİ5'(DOJRULWKP
,QRUGHUWRUHGXFH WKHFRPSOH[LW\RIİ5'(DOJRULWKP
WKH FDVH RI ĳ ĳ LV QRW WDNHQ LQWR FRQVLGHUDWLRQ GXH WR
WKH IDFW WKDW LW LV RI YHU\ VPDOO SUREDELOLW\ IRU ĳ ĳ LQ
SUDFWLFDODSSOLFDWLRQV$VDUHVXOWWKHİUDQNFRPSDULVRQ
GHILQHGLQ>@FDQEHVLPSOLILHGDVIROORZV
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       
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9 6,08/$7,21$1$/<6(6
$ &$ VLJQDO RI *36 LV VLPXODWHG DVVXPLQJ D
VFHQDULRFRPSRVHGRIDGLUHFWVLJQDODQGWZRPXOWLSDWKV
7KHPXOWLSDWKVDUH LQSKDVHZKLFK LVWKHZRUVWSRVVLEOH
FDVHZKLFKPHDQV  P N P N$ D P 7KHPXOWLSDWK
SDUDPHWHUV DUH VXSSRVHG WR EH XQFKDQJHG GXULQJ
REVHUYDWLRQ SHULRG 7KH V\VWHP QRLVH LV DVVXPHG WR EH
*DXVVLDQ QRLVH ZLWK WKH PHDQ EHLQJ ]HUR DQG WKH
FRYDULDQFH PDWUL[ 4 GLDJRQHV 0 7KH
FRUUHODWRU QXPEHU VKRXOG EH ODUJHU WKDQ RU HTXDO WR WKH
VWDWHGLPHQVLRQQXPEHULH6',QWKLVVLPXODWLRQVHW
6 GV 7F7F7F7F7F7F7F
7F7KHWUXHYDOXHVDUHVHWDV$ $ $ 
O 7F O 7F O 7F 7V 7F  FÖ O 7  2XU
JRDOLVWRHVWLPDWH$$$OOO
7KH QRQ*DXVVLDQ PHDVXUHPHQW QRLVH ZLWK *DXVVLDQ
PL[WXUH3')I Ȝ1ȝ V Ȝ1ȝ V LVFRQVWUXFWHGIRU
VLPXODWLRQZKHUH1ȝıLVD*DXVVLDQGLVWULEXWLRQZLWK
WKH PHDQ ȝ DQG YDULDQFH ı Ȝ DQG Ȝ DUH WKH ZHLJKWV
FRUUHVSRQGLQJ WR WKH ILUVW *DXVVLDQ LQGLYLGXDO DQG WKH
VHFRQG*DXVVLDQLQGLYLGXDOZLWKȜȜ 7KHVLPXODWLRQ
SDUDPHWHUVDUHJLYHQLQ7DEOH
7$%/(
6,08/$7,216(77,1*81'(5121*$866,$112,6(
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